
MA 5b MIDTERM 2018

due THURSDAY 2/8 at noon

The exam consists of 3 problems, each with multiple questions, each question
worth the indicated number of points. If needed, you may skip any number of
questions and choose to solve subsequent parts under the assumption that any/all
of the preceding statements are correct.

Note: Questions marked by (*) are for extra credits and may be solved overtime.

Turn the exam into the MA5b HW box.

Time limit: 4 hours in a single sitting (of course, you may get up to get a
snack, etc.).

Blue Books: Please you a blue book. If none is avaiable, please staple and num-
ber all your pages together. Display numbering as 7/13 to indicate page 7 out of 13.

You may consult ONLY the textbook, your own notes (from class and recita-
tions) and your own graded homework sets.

You may use a calculator although none should be needed.

If you have any questions please contanct professor Mantovan.
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MATH 5B, WINTER 2018

MIDTERM

Due: Thursday, February 8, 2018 at noon.

To receive full credit show all your work and justify all your answers.
All problems will be graded. Questions marked by (*) are for extra credit.

In the following, Z denotes the ring of integers, Q the field of rational numbers,
and R[t] denotes the polynomial ring in one variable with coefficients in a ring R.

Pr. 1 (30 pts) A commutative ring is called local if it has a unique maximal ideal.
Let R be a PID, and I a non-zero proper ideal of R.
(1) Prove that R/I is local if and only if I = Mn for some maximal ideal

M of R, and interger n ≥ 1.
(2) Prove that R/I is isomorphic to a product of local rings.
(3) For R = Q[t] and I = (t7 + 15t5 + 30t4 + 75t2): write the ring R/I as

a product of local rings.
(4) (*) Is Z[t]/((t5 + 15t3 + 30t2 + 75) local? Prove or disprove.

Pr. 2 (30 pts) Let R = Q[t]. For any f(t), g(t) ∈ R, we consider the linear
equation in two variables X,Y :

(t− 1)X + f(t)Y = g(t)

(1) Prove that it admits solutions for all g(t) ∈ R if and only if f(1) 6= 0.
(2) For f(t) = t+2: Find (if they exist) all solution for g(t) = 1, t2 + t−2.
(3) For f(t) = t2−1: Find (if they exist) all solutions for g(t) = 1, t2+t−2.
(4) (*) Address the above questions for R replaced by Z[t].

Pr. 3 (40 pts) Let S be a collection of positive prime numbers in Z, and R = Z(S)

be the subring of Q:

Z(S) = {x ∈ Q| if x = a/b with (a, b) = 1, then (b, q) = 1∀q ∈ S}.
Prove that
(1) R is a PID.
(2) For p is a prime number in Z: p is either a unit or irreducible in R.
(3) S is in bijection with the set of all irreducibles of R, up to unit multiple.
(4) For |S| = 1: R is local.
(5) (*) All subrings of Q are of the form Z(S) for some S (possibly not

finite). (Hint: Prove that every subring of Q contains Z.)
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